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1. Introduction 
The discrete version of the classical H𝑜 lder’s inequality states that if 𝑎𝑘 ≥ 0, 𝑏𝑘 ≥ 0  𝑘 = 1,2, …… , 𝑛 , 𝓅, 𝓆 > 1 and  
1
𝓅 +
1
𝓆 = 1,  then 
  𝑎𝑘𝑏𝑘 
𝑛
𝑘=1
≤    𝑎𝑘  
𝓅
𝑛
𝑘=1
 
1
𝓅 
   𝑏𝑘 
𝓆
𝑛
𝑘=1
 
1
𝓆 
,                                                         1  
while its integral representation in the space of continuous real–valued functions 𝐶  𝑎, 𝑏 ,ℝ , is given by 
  𝓊 𝑡 𝓋 𝑡 𝑑𝑡
𝑏
𝑎
 ≤     𝓊 𝑡  𝓅  𝑑𝑡
𝑏
𝑎
 
1
𝓅 
     𝓋 𝑡  𝓆  𝑑𝑡
𝑏
𝑎
 
1
𝓆 
.                            (2) 
This inequality is built around two real numbers 𝓅, 𝓆 > 1 with 1 𝓅 +
1
𝓆 = 1. Note that the Cauchy–Schwarz 
inequality is the special case of the H𝑜 lder’s inequality with 𝓅 = 𝓆 = 2.  
As we know that the H𝑜 lder’s inequality plays an important role in different branches of modern mathematics such as 
classical real and complex analysis, numerical analysis, probability and statistics, qualitative theory of differential 
equations and their applications. 
C. Mortici [3] used the following form of the H𝑜 lder’s inequality (2): 
  𝑔 𝑡   𝑓 𝑡  
𝓂
𝓅
+
𝓃
𝓆
𝑏
𝑎
 𝑑𝑡  ≤   𝑔 𝑡  𝑓 𝑡  𝓂  𝑑𝑡
𝑏
𝑎
 
1
𝓅 
   𝑔 𝑡   𝑓 𝑡  𝓃  𝑑𝑡
𝑏
𝑎
 
1
𝓆 
.       3  
to establish some new Turán-type inequalities involving the special functions as Gamma,  Polygamma functions and 
Riemann’s zeta function. Here 𝑓 and 𝑔 are non-negative functions of a real variable and 𝓂 and 𝓃 belong to a set S of 
real numbers, such that the involved integrals in (3) exist. 
In this context, we have the idea to replace 𝓊 𝑡  and 𝓋 𝑡  in (2) by  𝑔 𝑡  1/𝓅  𝑕 𝑡  𝑥/𝓅   𝑓(𝑡) 𝜈/𝓅 and 
  𝑔 𝑡  1/𝓆   𝑕 𝑡  𝑦/𝓆   𝑓(𝑡) 𝜇/𝓆 respectively, to obtain the following new inequality: 
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  𝑔 𝑡 
𝑏
𝑎
 𝑕 𝑡  
𝑥
𝓅
+
𝑦
𝓆    𝑓(𝑡) 
𝜈
𝓅
+
𝜇
𝓆  𝑑𝑡 ≤    𝑔 𝑡   𝑕 𝑡  𝑥   𝑓(𝑡) 𝜈  𝑑𝑡
𝑏
𝑎
 
1
𝓅 
  𝑔 𝑡   𝑕 𝑡  𝑦   𝑓(𝑡) 𝜇  𝑑𝑡
𝑏
𝑎
 
1
𝓆 
.          4  
in which 𝑥, 𝑦, 𝜈, 𝜇 ∈ ℝ and 𝑔, 𝑕, 𝑓 are real integrable functions such that the involved integrals in (4) exist. Also the real 
numbers 𝓅, 𝓆 > 1 are such that 1 𝓅 +
1
𝓆 = 1. 
For 𝑕 𝑡 = 1, or 𝑥 = 𝑦 = 0, our new inequality (4) reduces to the inequality (3). 
The aim of this paper is to apply the inequality (4) to establish inequalities for some well-known special functions. 
2. The Results 
In this section, we apply the inequality (4) to establish inequalities for incomplete gamma function, Polygamma 
functions, Exponential integral function, Abramowitz’s function, Hurwitz–Lerch zeta function, normalizing constant of 
the generalized inverse Gaussian distribution and Struve function of second kind. We also apply the inequality (4) to 
establish inequalities for n-th derivative of Gamma function and the Remainder of the Binet’s first formula for  ln Γ 𝑥 . 
2.1 An Inequality for the Incomplete Gamma Function 
Theorem 2.1 Let 𝓅, 𝓆 > 1 be real numbers satisfying 1 𝓅 +
1
𝓆 = 1.  Then, for every real number 𝑥, 𝑦 ∈  0, ∞  and 
 𝜈, 𝜇 > 0, it holds for the incomplete gamma function: 
 𝜞  
𝜈
𝓅
+
𝜇
𝓆
;  
𝑥
𝓅
+
𝑦
𝓆
  ≤
 
𝑥
𝓅 +
𝑦
𝓆
 
𝜈
𝓅
+
𝜇
𝓆
𝑥
𝜈
𝓅  𝑦
𝜇
𝓆  
 𝜞 𝜈 ; 𝑥  
1
𝓅  𝜞 𝜇; 𝑦  
1
𝓆 . 
Proof: The incomplete Euler gamma function is defined for 𝑢, 𝑥 > 0 as 
𝜞 𝑢; 𝑥 =  𝑒−𝑡  𝑡𝑢−1𝑑𝑡.  
𝑥
0
                               𝑢, 𝑥 > 0                           (5) 
This function can be written in terms of the first kind of confluent hypergeometric function as  
𝜞 𝑢; 𝑥 =  𝑒−𝑡  𝑡𝑢−1𝑑𝑡 
𝑥
0
= 𝑢−1𝑥𝑢 ₁𝐹₁ 
𝑢
𝑢 + 1
 − 𝑥 = 𝑥𝑢  𝑒−𝑥𝑡  𝑡𝑢−1𝑑𝑡.  
1
0
     6  
By substituting  𝑔 𝑡 =
1
𝑡
, 𝑕 𝑡 =   𝑒−𝑡  and 𝑓 𝑡 = 𝑡 in inequality (4) for  𝑎, 𝑏 = [0,1], we obtain 
  𝑡−1𝑒
− 
𝑥
𝓅
 + 
𝑦
𝓆
  𝑡
1
0
𝑡
 
𝜈
𝓅
 + 
𝜇
𝓆
 
 𝑑𝑡 ≤   𝑡−1𝑒−𝑥𝑡
1
0
𝑡𝜈𝑑𝑡 
1
𝓅 
   𝑡−1𝑒−𝑦𝑡
1
0
𝑡𝜇  𝑑𝑡 
1
𝓆 
     
⇒   𝑒
− 
𝑥
𝓅
 + 
𝑦
𝓆
  𝑡
1
0
𝑡
 
𝜈
𝓅
 + 
𝜇
𝓆
 − 1 
 𝑑𝑡 ≤   𝑒−𝑥𝑡
1
0
𝑡𝜈−1𝑑𝑡 
1
𝓅 
   𝑒−𝑦𝑡
1
0
𝑡𝜇−1𝑑𝑡 
1
𝓆 
     
Corresponding to relation (6), the following result after simplification eventually yields 
 𝜞  
𝜈
𝓅
+
𝜇
𝓆
; 
𝑥
𝓅
+
𝑦
𝓆
  ≤
 
𝑥
𝓅 +
𝑦
𝓆
 
𝜈
𝓅
+
𝜇
𝓆
𝑥
𝜈
𝓅  𝑦
𝜇
𝓆  
 𝜞 𝜈 ; 𝑥  
1
𝓅  𝜞 𝜇; 𝑦  
1
𝓆                                 7  
provided that 𝑥, 𝑦 > 0 , 𝓅, 𝓆 > 1 with 1 𝓅 +
1
𝓆 = 1 and 𝜈, 𝜇 > 0. 
2.2 An Inequality for the n-th Derivative of Gamma Function 
Theorem 2.2 Let 𝓅, 𝓆 > 1 be real numbers satisfying 1 𝓅 +
1
𝓆 = 1. Then, for every real number 𝑥, 𝑦 ∈  0, ∞  and for 
every integer 𝜈, 𝜇 ≥ 1, such that  𝜈/𝓅 + 𝜇/𝓆 is an integer, it holds for the n-th derivative of gamma function: 
 Γ
 
𝜈
𝓅
+
𝜇
𝓆
 
 
𝑥
𝓅
+
𝑦
𝓆
  ≤  Γ 𝜈  𝑥  
1/𝓅
 Γ 𝜇   𝑦  
1/𝓆
. 
Proof:  The classical Euler gamma function is defined for 𝑥 > 0 as 
Γ 𝑥 =  𝑡𝑥−1𝑒−𝑡𝑑𝑡  
∞
0
                                                                                       8  
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By differentiating, we obtain, for  𝑛 = 1,2,3,… … .. 
Γ
 𝑛  𝑥 =  𝑒−𝑡  𝑡𝑥−1   log 𝑡 𝑛𝑑𝑡.  
∞
0
                                                                9  
Hence, if we replace 𝑔 𝑡 = 𝑒−𝑡  𝑡−1 , 𝑕 𝑡 = 𝑡 , 𝑓 𝑡 = log 𝑡 and  𝑎, 𝑏 → [0,  ∞  in the inequality (4), we get  
  𝑡−1𝑒−𝑡 𝑡
𝑥
𝓅
+
𝑦
𝓆   𝑙𝑜𝑔 𝑡  
𝜈
𝓅
+
𝜇
𝓆
∞
0
 𝑑𝑡  ≤   𝑡−1𝑒−𝑡 𝑡𝑥   𝑙𝑜𝑔 𝑡  𝜈
∞
0
 𝑑𝑡 
1
𝓅 
   𝑡−1𝑒−𝑡 𝑡𝑦   𝑙𝑜𝑔 𝑡  𝜇
∞
0
 𝑑𝑡 
1
𝓆 
 
⇒   𝑒−𝑡 𝑡
𝑥
𝓅
+
𝑦
𝓆
 −1
  𝑙𝑜𝑔 𝑡  
𝜈
𝓅
+
𝜇
𝓆
∞
0
 𝑑𝑡 ≤   𝑒−𝑡 𝑡𝑥−1   𝑙𝑜𝑔 𝑡  𝜈
∞
0
 𝑑𝑡 
1
𝓅 
  𝑒−𝑡 𝑡𝑦−1   𝑙𝑜𝑔 𝑡  𝜇
∞
0
 𝑑𝑡 
1
𝓆 
 
By applying (9) in the above inequality, the following result will eventually be obtained 
 Γ
 
𝜈
𝓅
+
𝜇
𝓆
 
 
𝑥
𝓅
+
𝑦
𝓆
  ≤  Γ 𝜈  𝑥  
1/𝓅
 Γ 𝜇   𝑦  
1/𝓆
.                                             (10) 
∀𝑥, 𝑦 > 0, 𝓅, 𝓆 > 1with 1 𝓅 +
1
𝓆 = 1 and for every integer 𝜈, 𝜇 ≥ 1 such that  𝜈/𝓅 + 𝜇/𝓆 is an integer. 
2.3 An Inequality for the Polygamma Function 
Theorem 2.3 Let 𝓅, 𝓆 > 1 be real numbers satisfying 1 𝓅 +
1
𝓆 = 1. Then, for every real number 𝑥, 𝑦 ∈  0, ∞  and for 
every integer 𝜈, 𝜇 ≥ 1, such that 𝜈/𝓅 + 𝜇/𝓆 is an integer, it holds for the Polygamma functions: 
 𝜓
 
𝜈
𝓅
+
𝜇
𝓆
 
 
𝑥
𝓅
+
𝑦
𝓆
  ≤  𝜓 𝜈  𝑥  
1
𝓅 
  𝜓 𝜇   𝑦  
1
𝓆 . 
Proof:  As we know the Polygamma functions 𝜓(𝑛) 𝑥 =
𝑑𝑛 𝜓 𝑥 
𝑑𝑥 𝑛
, where 𝑛 = 1,2,3, …… .., defined as the n-th derivative 
of the Psi function  𝜓 𝑥 =
𝑑
𝑑𝑥
ln Γ 𝑥 = 
Γ′ 𝑥 
Γ 𝑥 
 , (𝑥 > 0) with the usual notation for the gamma function and has an 
integral representation [4] as: 
𝜓(𝑛) 𝑥 = (−1)𝑛+1    
𝑡𝑛
1 − 𝑒−𝑡
∞
0
 𝑒−𝑥𝑡 𝑑𝑡     𝑛 = 1, 2, …… . ;  𝑥 > 0 .                      (11) 
Now if 𝑔 𝑡 =
1
1−𝑒−𝑡
 , 𝑕 𝑡 = 𝑒−𝑡  and 𝑓 𝑡 = 𝑡  are substituted in inequality (4) for  𝑎, 𝑏 → [0, ∞), the following 
inequality is derived  
   
𝑡
𝜈
𝓅
+
𝜇
𝓆
1 − 𝑒−𝑡
𝑒
− 
𝑥
𝓅
+
𝑦
𝓆
 𝑡
 𝑑𝑡 
∞
0
≤    
𝑡𝜈
1 − 𝑒−𝑡
𝑒−𝑥𝑡  𝑑𝑡  
∞
0
 
1
𝓅 
    
𝑡𝜇
1 − 𝑒−𝑡
𝑒−𝑦𝑡  𝑑𝑡  
∞
0
 
1
𝓆 
 
By the definition (11), this is equivalent to  
 𝜓
 
𝜈
𝓅
+
𝜇
𝓆
 
 
𝑥
𝓅
+
𝑦
𝓆
  ≤  𝜓 𝜈  𝑥  
1
𝓅 
  𝜓 𝜇  𝑦  
1
𝓆 
 .                                        (12) 
∀𝑥, 𝑦 > 0, 𝓅, 𝓆 > 1 with 1 𝓅 +
1
𝓆 = 1 and for every integer 𝜈, 𝜇 ≥ 1 such that 𝜈/𝓅 + 𝜇/𝓆 is an integer.   
2.4 An Inequality for the Hurwitz–Lerch Zeta Function 
Theorem 2.4 Let 𝓅, 𝓆 > 1 be real numbers satisfying 1 𝓅 +
1
𝓆 = 1. Then, for every real number 𝑥, 𝑦, 𝒶, 𝜈, 𝜇 > 0 and 
 𝜆 ≤ 1, 𝜆 ≠ 1, it holds for the Hurwitz-Lerch zeta function: 
 Φ  𝜆,
𝑥
𝓅
+
𝑦
𝓆
,  
𝜈
𝓅
+
𝜇
𝓆
 𝒶  ≤
 Γ 𝑥  
1
𝓅  Γ 𝑦  
1
𝓆 
Γ  
𝑥
𝓅 +
𝑦
𝓆
 
  Φ 𝜆, 𝑥, 𝜈𝒶  
1
𝓅   Φ 𝜆, 𝑦, 𝜇𝒶  
1
𝓆 . 
Proof: The standard integral representation of Hurwitz–Lerch zeta function (also called Lerch Transcendent) Φ 𝜆, 𝑥, 𝒶  
for all 𝑥 > 0, 𝒶 > 0  and  𝜆 ≤ 1, 𝜆 ≠ 1 is given by 
Φ 𝜆, 𝑥, 𝒶 =
1
Γ 𝑥 
 
𝑡𝑥−1
1 − 𝜆𝑒−𝑡
𝑒−𝒶𝑡𝑑𝑡.  
∞
0
                                                        13  
 
When 𝜆 = 1, it turns into Hurwitz zeta function, Φ 𝜆, 𝑥, 𝒶 = 𝜁 𝑥, 𝒶 . 
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By considering the above integral representation of the Hurwitz–Lerch zeta function for 𝑥 > 0, 𝒶 > 0 and  𝜆 ≤ 1, 𝜆 ≠ 1 
and replacing  𝑔 𝑡 =
1
𝑡   1−𝜆𝑒 −𝑡 
, 𝑕 𝑡 = 𝑡, 𝑓 𝑡 = 𝑒−𝒶𝑡  in inequality (4) for  𝑎, 𝑏 →   0, ∞ , the following inequality is 
derived 
  
𝑡
𝑥
𝓅
+
𝑦
𝓆
𝑡  1 − 𝜆𝑒−𝑡 
 𝑒
− 
𝜈
𝓅
+
𝜇
𝓆
 𝒶𝑡
 𝑑𝑡 
∞
0
≤    
𝑡𝑥
𝑡  1 − 𝜆𝑒−𝑡 
 𝑒−𝜈𝒶𝑡  𝑑𝑡 
∞
0
 
1
𝓅 
   
𝑡𝑦
𝑡  1 − 𝜆𝑒−𝑡 
𝑒−𝜇𝒶𝑡  𝑑𝑡 
∞
0
 
1
𝓆 
 
⇒   
𝑡
𝑥
𝓅
+
𝑦
𝓆
−1
1 − 𝜆𝑒−𝑡
 𝑒
− 
𝜈
𝓅
+
𝜇
𝓆
 𝒶𝑡
  𝑑𝑡 
∞
0
 ≤    
𝑡𝑥−1
1 − 𝜆𝑒−𝑡
 𝑒−𝜈𝒶𝑡  𝑑𝑡 
∞
0
 
1
𝓅 
   
𝑡𝑦−1
1 − 𝜆𝑒−𝑡
𝑒−𝜇𝒶𝑡   𝑑𝑡 
∞
0
 
1
𝓆 
 
By (13), this is finally simplified to  
 Φ  𝜆,
𝑥
𝓅
+
𝑦
𝓆
,  
𝜈
𝓅
+
𝜇
𝓆
 𝒶  ≤
 Γ 𝑥  
1
𝓅  Γ 𝑦  
1
𝓆 
Γ  
𝑥
𝓅 +
𝑦
𝓆
 
  Φ 𝜆, 𝑥, 𝜈𝒶  
1
𝓅   Φ 𝜆, 𝑦, 𝜇𝒶  
1
𝓆 .        (14) 
provided that  𝑥, 𝑦, 𝒶, 𝜈, 𝜇 > 0 ,  𝜆 ≤ 1, 𝜆 ≠ 1 and 𝓅, 𝓆 > 1 with 1 𝓅 +
1
𝓆 = 1. 
2.5 An Inequality for the n-th Derivative of the Remainder of the Binet’s first Formula for 𝐥𝐧𝚪 𝐱 : 
Theorem 2.5 Let 𝓅, 𝓆 > 1 be real numbers satisfying 1 𝓅 +
1
𝓆 = 1. Then, for every real number 𝑥, 𝑦 ∈  0, ∞  and for 
every integer 𝜈, 𝜇 ≥ 1, such that 𝜈/𝓅 + 𝜇/𝓆 is an integer, it holds for the n-th derivative of the remainder of the Binet’s 
first formula for the logarithm of the gamma function i.e.  𝑙𝑛 𝛤 𝑥 : 
 𝜃
 
𝜈
𝓅
+
𝜇
𝓆
 
 
𝑥
𝓅
+
𝑦
𝓆
  ≤  𝜃 𝜈  𝑥  
1
𝓅 
  𝜃 𝜇   𝑦  
1
𝓆  . 
Proof:  Binet’s first formula for ln Γ 𝑥  is given by 
log Γ 𝑥 =  𝑥 − 1/2 log 𝑥 − 𝑥 + log  2𝜋 + 𝜃 𝑥 , 
for 𝑥 > 0  , where the function 
𝜃 𝑥 =   
1
𝑒𝑡 − 1
−
1
𝑡
+
1
2
 
∞
0
𝑒−𝑥𝑡
𝑡
 𝑑𝑡                                                         (15) 
is known as the remainder of the Binet’s first formula for the logarithm of the gamma function; See for instant [1]. 
By differentiating (15), we obtain, for every positive integer 𝑛 ≥ 1. 
𝜃 𝑛  𝑥 =  −1 𝑛   
1
𝑒𝑡 − 1
−
1
𝑡
+
1
2
 
∞
0
𝑡𝑛−1  𝑒−𝑥𝑡  𝑑𝑡.                                                       (16) 
Hence, if 𝑔 𝑡 =
1
𝑡
 
1
𝑒 𝑡−1
−
1
𝑡
+
1
2
 , 𝑕 𝑡 = 𝑒−𝑡 , 𝑓 𝑡 = 𝑡 and [𝑎, 𝑏] → [0, ∞), are considered in inequality (4), then we get 
  
1
𝑡
 
1
𝑒𝑡 − 1
−
1
𝑡
+
1
2
 
∞
0
𝑡
𝜈
𝓅
+
𝜇
𝓆  𝑒
− 
𝑥
𝓅
+
𝑦
𝓆
 𝑡
 𝑑𝑡  
  ≤   
1
𝑡
 
1
𝑒𝑡 − 1
−
1
𝑡
+
1
2
 
∞
0
 𝑡𝜈   𝑒−𝑥𝑡  𝑑𝑡 
1
𝓅 
  
1
𝑡
 
1
𝑒𝑡 − 1
−
1
𝑡
+
1
2
 
∞
0
 𝑡𝜇   𝑒−𝑦𝑡  𝑑𝑡 
1
𝓆 
 
⇒    
1
𝑒𝑡 − 1
−
1
𝑡
+
1
2
 
∞
0
 𝑡
𝜈
𝓅
 + 
𝜇
𝓆
 −1
𝑒
− 
𝑥
𝓅
+
𝑦
𝓆
 𝑡
𝑑𝑡  
≤    
1
𝑒𝑡 − 1
−
1
𝑡
+
1
2
 
∞
0
 𝑡𝜈  −1  𝑒−𝑥𝑡  𝑑𝑡 
1
𝓅 
   
1
𝑒𝑡 − 1
−
1
𝑡
+
1
2
 
∞
0
 𝑡𝜇  −1  𝑒−𝑦𝑡  𝑑𝑡 
1
𝓆 
 
By (16), this is transformed to  
 𝜃
 
𝜈
𝓅
+
𝜇
𝓆
 
 
𝑥
𝓅
+
𝑦
𝓆
  ≤  𝜃 𝜈  𝑥  
1
𝓅 
  𝜃 𝜇   𝑦  
1
𝓆                                           17  
∀𝑥, 𝑦 > 0, 𝓅, 𝓆 > 1 with 1 𝓅 +
1
𝓆 = 1 and for every integer 𝜈, 𝜇 ≥ 1 such that 𝜈/𝓅 + 𝜇/𝓆           is an integer. 
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2.6 An Inequality for the Exponential Integral Function: 
Theorem 2.6 Let 𝓅, 𝓆 > 1 be real numbers satisfying 1 𝓅 +
1
𝓆 = 1. Then, for every real number 𝑥, 𝑦 ∈  0, ∞  and for 
every integer 𝜈, 𝜇 ≥ 0, such that 𝜈/𝓅 + 𝜇/𝓆 is an integer, it holds for the Exponential integral function: 
 𝐸𝜈
𝓅
+
𝜇
𝓆
 
𝑥
𝓅
+
𝑦
𝓆
  ≤   𝐸𝜈 𝑥  
1
𝓅   𝐸𝜇  𝑦  
1
𝓆 . 
Proof:  If we consider the Exponential integral function [1, p. 228, 5.1.4] with the following integral representation 
𝐸𝑛  𝑥 =  𝑒
−𝑥𝑡  𝑡−𝑛
∞
1
𝑑𝑡 , (  𝑛 = 0,1, … . . ; 𝑥 > 0),                                     (18) 
and then replace 𝑔 𝑡 = 1, 𝑕 𝑡 =  𝑒−𝑡  and 𝑓 𝑡  = 𝑡−1 for  𝑎, 𝑏 → [1, ∞) in inequality (4), we obtain 
  𝑒
− 
𝑥
𝓅
+
𝑦
𝓆
 𝑡
 𝑡
−  
𝜈
𝓅
+
𝜇
𝓆
 
∞
1
𝑑𝑡 ≤       𝑒−𝑥𝑡  𝑡−𝜈  𝑑𝑡
∞
1
 
1
𝓅 
   𝑒−𝑦𝑡  𝑡−𝜇 𝑑𝑡
∞
1
 
1
𝓆 
,       
Using (18), this is in fact equivalent to:     
 𝐸𝜈
𝓅
+
𝜇
𝓆
 
𝑥
𝓅
+
𝑦
𝓆
  ≤   𝐸𝜈 𝑥  
1
𝓅   𝐸𝜇  𝑦  
1
𝓆 
.                                                       19                                                   
∀𝑥, 𝑦 > 0, 𝓅, 𝓆 > 1 with 1 𝓅 +
1
𝓆 = 1 and for every integer 𝜈, 𝜇 ≥ 0 such that 𝜈/𝓅 + 𝜇/𝓆 is an integer. 
2.7 An Inequality for Normalizing Constant of the Generalized Inverse Gaussian Distribution 
Theorem 2.7 Let 𝓅, 𝓆 > 1 be real numbers satisfying 1 𝓅 +
1
𝓆 = 1.  Then, for every real number 𝑥, 𝑦, 𝜈, 𝜇 ∈  0, ∞  
and  −∞ < 𝛼 < ∞, it holds for the normalizing constant of the generalized inverse Gaussian distribution: 
 𝐼  𝛼;
𝜈
𝓅
+
𝜇
𝓆
,
𝑥
𝓅
+
𝑦
𝓆
  ≤  𝐼 𝛼; 𝜈, 𝑥  
1
𝓅   𝐼 𝛼; 𝜇, 𝑦  
1
𝓆 . 
Proof: The generalized inverse Gaussian distribution [2] is defined for 𝑡 > 0 as  
ℊ 𝑡 =
1
𝐼 𝛼; 𝛽, 𝛾 
 𝑡𝛼−1𝑒−𝛽𝑡−𝛾𝑡
−1
, 
where −∞ < 𝛼 < ∞,𝛽 > 0, 𝛾 > 0. The number 𝐼 𝛼; 𝛽, 𝛾  is the normalizing constant, 
𝐼 𝛼; 𝛽, 𝛾 =  𝑡𝛼−1𝑒−𝛽𝑡−𝛾𝑡
−1
𝑑𝑡.  
∞
0
                                                      (20) 
Hence, if 𝑔 𝑡 = 𝑡𝛼−1 , 𝑕 𝑡 = 𝑒−𝑡 , 𝑓 𝑡 = 𝑒−𝑡
−1
 and [𝑎, 𝑏] → [0, ∞), are considered in inequality (4), then we get 
  𝑡𝛼−1𝑒
− 
𝜈
𝓅
+
𝜇
𝓆
 𝑡
∞
0
 𝑒
− 
𝑥
𝓅
+
𝑦
𝓆
 𝑡−1
 𝑑𝑡   ≤   𝑡𝛼−1𝑒−𝜈𝑡
∞
0
 𝑒−𝑥𝑡
−1
 𝑑𝑡 
1
𝓅 
  𝑡𝛼−1𝑒−𝜇𝑡
∞
0
  𝑒−𝑦𝑡
−1
 𝑑𝑡 
1
𝓆 
 
This is transformed to  
 𝐼  𝛼;
𝜈
𝓅
+
𝜇
𝓆
,
𝑥
𝓅
+
𝑦
𝓆
  ≤  𝐼 𝛼; 𝜈, 𝑥  
1
𝓅   𝐼 𝛼; 𝜇, 𝑦  
1
𝓆 .                           21  
∀𝑥, 𝑦, 𝜈, 𝜇 > 0, 𝓅, 𝓆 > 1 with 1 𝓅 +
1
𝓆 = 1 and −∞ < 𝛼 < ∞. 
2.8 An Inequality for the Abramowitz’s Function 
Theorem 2.8 Let 𝓅, 𝓆 > 1 be real numbers satisfying 1 𝓅 +
1
𝓆 = 1. Then, for every real number 𝑥, 𝑦 ≥ 0 and for 
every non- negative integer 𝜈 and 𝜇 such that 𝜈/𝓅 + 𝜇/𝓆 is an integer, it holds for the Abramowitz function: 
 𝑓𝜈
𝓅
+
𝜇
𝓆
 
𝑥
𝓅
+
𝑦
𝓆
  ≤  𝑓𝜈 𝑥  
1
𝓅   𝑓𝜇  𝑦  
1
𝓆 . 
Proof:  The Abramowitz’s function [1] which has been used in many fields of physics, as the theory of the field of 
particle and radiation transform, is defined as  
𝑓𝑛  𝑥 =   𝑡
𝑛
∞
0
𝑒−𝑡
2−𝑥𝑡−1𝑑𝑡,                                                                          (22) 
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where 𝑛 is a non-negative integer and 𝑥 ≥ 0. 
Now, applying inequality (4) for 𝑔 𝑡 =  𝑒−𝑡
2
, 𝑕 𝑡 =  𝑒−𝑡
−1
 , 𝑓 𝑡 = 𝑡 and  𝑎, 𝑏 → [0, ∞) results in: 
  𝑡
𝜈
𝓅
+
𝜇
𝓆
∞
0
𝑒
−𝑡2− 
𝑥
𝓅
+
𝑦
𝓆
 𝑡−1
𝑑𝑡 ≤   𝑡𝜈
∞
0
𝑒−𝑡
2−𝑥𝑡−1𝑑𝑡 
1
𝓅 
   𝑡𝜇
∞
0
𝑒−𝑡
2−𝑦𝑡−1𝑑𝑡 
1
𝓆 
 
Therefore according to (22), one can finally arrive at 
 𝑓𝜈
𝓅
+
𝜇
𝓆
 
𝑥
𝓅
+
𝑦
𝓆
  ≤  𝑓𝜈  𝑥  
1
𝓅   𝑓𝜇 𝑦  
1
𝓆 .                                                      23                                                                         
∀ 𝑥, 𝑦 ≥ 0, 𝓅, 𝓆 > 1 with 1 𝓅 +
1
𝓆 = 1 and for every non-negative integer 𝜈 and 𝜇 such that 𝜈/𝓅 + 𝜇/𝓆 is an integer. 
2.9 An inequality for Struve Function of Second kind 
Theorem 2.9 Let 𝓅, 𝓆 > 1 be real numbers satisfying 1 𝓅 +
1
𝓆 = 1.  Then, for every real number 𝑥, 𝑦 ∈  0, ∞  and 
 𝜈 > −1/2,𝜇 > −1/2, it holds for the Struve function of second kind: 
𝒦  
𝜈
𝓅
+
𝜇
𝓆
;  
𝑥
𝓅
+
𝑦
𝓆
 ≤
 Γ  𝜈 +
1
2
  
1
𝓅 
 Γ  𝜇 +
1
2
  
1
𝓆 
Γ  
𝜈
𝓅 +
𝜇
𝓆 +
1
2
 
×
 
𝑥
𝓅 +
𝑦
𝓆
 
𝜈
𝓅
+
𝜇
𝓆
𝑥
𝜈
𝓅  𝑦
𝜇
𝓆  
 𝒦 𝜈 ; 𝑥  
1
𝓅  𝒦 𝜇; 𝑦  
1
𝓆 . 
Proof: The specific integral representation of Struve function of the second kind [1] for 𝑥 > 0 and 𝜐 > −1/2, is given by 
𝒦𝜐  𝑥 = 𝒦 𝜐; 𝑥 =
2  𝑥/2 𝜐
 𝜋  Γ 𝜐 + 1/2 
  𝑒−𝑥𝑡  1 + 𝑡2 𝜐−
1
2
∞
0
𝑑𝑡.                                                (24) 
By a similar approach, substituting 𝑔 𝑡 =  1 + 𝑡2 −1/2 , 𝑕 𝑡 =   𝑒−𝑡    and 𝑓 𝑡 =   1 + 𝑡2 𝜐  in inequality (4) 
for  𝑎, 𝑏 →  0,   ∞  , we obtain 
  𝑒
− 
𝑥
𝓅
+
𝑦
𝓆
 𝑡
∞
0
 1 + 𝑡2 
𝜈
𝓅
 + 
𝜇
𝓆
 − 
1
2  𝑑𝑡 ≤   𝑒−𝑥𝑡
∞
0
 1 + 𝑡2 𝜈−1/2𝑑𝑡 
1
𝓅 
   𝑒−𝑦𝑡
∞
0
 1 + 𝑡2 𝜇−1/2𝑑𝑡 
1
𝓆 
 
Corresponding to definition (24), the following result after simplification eventually yields 
𝒦  
𝜈
𝓅
+
𝜇
𝓆
;  
𝑥
𝓅
+
𝑦
𝓆
 ≤
 Γ  𝜈 +
1
2
  
1
𝓅 
 Γ  𝜇 +
1
2
  
1
𝓆 
Γ  
𝜈
𝓅 +
𝜇
𝓆 +
1
2
 
×
 
𝑥
𝓅 +
𝑦
𝓆
 
𝜈
𝓅
+
𝜇
𝓆
𝑥
𝜈
𝓅  𝑦
𝜇
𝓆  
 𝒦 𝜈 ; 𝑥  
1
𝓅  𝒦 𝜇; 𝑦  
1
𝓆 , 
(25) 
provided that 𝑥, 𝑦 > 0 , 𝓅, 𝓆 > 1 with 1 𝓅 +
1
𝓆 = 1 and 𝜈 > −1/2, 𝜇 > −1/2. 
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